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Abstract
The classical Helmholtz problem is applied for modelling and numerical investi-
gation of inviscid cusp-ended separated flow around circular cylinder. Two coordi-
nate systems are used: polar for initial calculations and parabolic as topologically
most suited for innite stagnation zone. Scaling by the shape of the unknown free
line renders the problem to computational domain with xed boundaries. Dierence
schemes and algorithm for Laplace equation and for Bernoulli integral are devised.
A separated flow with drag coecient Cx = 0 like the so called \critical" flow
is obtained. The pressure distribution on the surface of cylinder and the detach-
ment point compares quantitatively very well with the predictions of the hodograph
method.
1. Introduction
In 1868 Helmholtz [?] introduces the notion of a flow consisting of a potential and
stagnant zones matching at priori unknown free boundaries which are tangential disconti-
nuities and where the balance of normal stresses (the pressure) holds. Kirchho [?] came
up with the rst solution for the ideal flow around flat plate when the detachment points
were known in advance. Later on in the turning of our century, Levi-Civita [?], Villat [?]
etc. developed further the hodograph method and demonstrated its application to flows
around curved bodies. Satisfying an additional condition for smooth separation (called
now Brillouin-Villat condition [?, ?, ?]) Brodetsky [?] obtained by the hodograph method
approximate solution for the circular cylinder with a parabolic expanding at innity shape
of the stagnation zone.
In the years 40 of the present century with the computer advent it was already possible
to calculate such class of flows direct at the physical plane. The rst calculations [?, ?]
gave interesting results. Along with the Brodetsky flow a radically dierent Helmholtz
flow takes place with decreasing stagnation zone which forms at innity cusp [?]. Because
of the limitation of computers the shape of the zone was not conclusive. It appears that
the method of hodograph can also be applied to obtain such a flow (see, e.g., [?]) but only
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for the case of circular cylinder. We also found such cusp-ended stagnation zones [?, ?, ?]
by means of dierence scheme and conrmed by integral-method calculations [?]. A new
interesting solution for the shape of the wake behind the circular cylinder was obtained
after further modifying of the dierence scheme. Preliminary results of this study are
represented in [?]. The features of the algorithm and our further investigation will be
discussed here.
2. Posing the Problem
Consider the steady inviscid flow past a circle { the cross section of an innitely long
circular cylinder. The direction of the flow coincides with the line  = 0;  of the polar
coordinates and the leading stagnation point of the flow is situated in the point  = .
Taking into account the symmetry with respect to the line  = 0;  we consider the flow
only in upper half plane.
2.1. Coordinate Systems
The gist of our approach is to make use of two dierent coordinate systems: the polar
one (turning out to be ineective for the case of innite stagnation zones extending far
away from the rear end of body) and the parabolic one the latter being topologically
more suited for solving Laplace equation outside innitely long stagnation zones. We
initiate the calculations in polar coordinates switching to parabolic coordinates after the
stagnation zone has fairly well developed and has become long enough.
In terms of the two coordinate systems (cylindrical and parabolic) Laplace equation






  = 0 ; or
1
2 + 2
(  +   ) = 0 : (2.1)
The undisturbed uniform flow at innity is given by
 jr!1  rU1 sin  ; or  j!1; !1  U1 : (2.2)
On the combined surface \body+stagnation zone" hold two conditions. The rst
condition secures that the said boundary is a stream line (say of number \zero")
 (R(); ) = 0;  2 [0; ] or  (S(); ) = 0;  2 (0;1) ; (2.3)
where R(), S() are the shape functions of the total boundary in polar or parabolic
coordinates, respectively. Here and henceforth we use the notation Γ1 for the portion of
boundary representing the cylinder and Γ2 { for the free streamline (Fig.1).
Let  and  be the magnitudes of the independent coordinates for which the de-
tachment of flow occurs. As far as we consider only the case when the stagnation zone
is situated behind the body then the portion of Γ2 which describes the free line of the
flow is dened as 0     or   ; respectively. On Γ2 the shape function R()
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is unknown and it is to be implicitly identied from Bernoulli integral with the pressure
equal to a constant (say, pc) which is the second condition holding on the free boundary.








= 1 ; or
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#
=S()
= 1 : (2.4)
0     ;  <  <1 ;
where q is a dimensionless pressure.
At the symmetry line  = 0;  additional conditions are added
@ 
@
= 0 ;  = 0;  or
@ 
@
= 0 ;  = 0 : (2.5)
and thus (2.1), (2.2), (2.3), (2.4) and (2.5) complete b.v.p. for stream{function  .
2.2. Scaled Variables
The above stated boundary value problem is very inconvenient for numerical treatment
mainly because of two reasons. The rst is that the boundary lines are not coordinate lines.
The second is that the shape function of the stagnation zone must be implicitly identied
from the additional boundary condition (2.4). Following [?] we scale the independent
variable ( or ) by the shape function R() or S():
 = rR−1() ;  =  − S():
Such a manipulation renders the original physical domain under consideration into a
region with xed boundaries, the latter being coordinate lines. In addition the Bernoulli
integral becomes an explicit equation for the shape function of the free boundary. Scaling
the independent variable proved very ecient in numerical treatment of inviscid or viscous
flows with free boundaries (for details see, e.g., [?]).
We treat the two coordinate systems in an uniform way denoting    or   
depending on the particular case under consideration. In terms of the new coordinates
(; ), the stream function is a compound function ~ (; )   (r(; ); ) or ~ (; ) 
 ((; ); ) but in what follows we drop the \tilde" without fear of confusion. The
Laplace equation takes then the form
(a ) + (b ) − (c ) − (c ) = 0 (2.6)







; b  1
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a  1 + S 02; b  1; c  S 0 :
with respective boundary conditions (see [?]).
3
Thus we dene a well posed boundary value problem for  provided that functions
R() and S() are known. On the other hand in the portion Γ2 of the boundary (where
these functions are unknown) they can be evaluated from the Bernoulli integral (2.4)
which now becomes an explicit equation for the shape function
R2 +R02
R4





352 = 1 ; or 1 + S 02
S2 + 2





352 = 1 ; (2.7)
0     ;    <1 :
3. Forces Exerted on the Body
The presence of a stagnation zone breaks the symmetry of the integral for the normal
stresses and hence D’Alembert paradox ceases to exist, i.e. the force exerted from the
flow upon the body is no more equal to zero. Denote by n the outward normal vector to









= aU21 [Cxi+ Cyj] ; (3.1)
where Cx and Cy are the dimensionless drag coecient and the lifting force.
After obvious manipulations we obtain for the drag and lifting-force coecients the




q [R() cos  +R0() sin ] d Cx = 2
Z 
0
q [S() + S 0() ] d
or (3.2)
Cy  0:
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4. Dierence Scheme and Algorithm
4.1. Splitting scheme for Laplace equation
For the purposes of the numerical solution, the transformed domain must be reduced
to nite one after appropriately choosing the \actual innities". In the case of polar
coordinates the domain is innite with respect to coordinate  only and it fully enough
to select suciently large number 1 and to consider the rectangle: [0; 11]
(Fig.2a). In the case of parabolic coordinates an actual innity is to be specied also
for the  -coordinate, namely 1 and to consider the rectangle: [0   1; 0  1]
(Fig.2b). In both directions we employ non-uniform mesh. The rst and the last -
lines are displaced (staggered) from the respective domain boundaries on a half of the
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